Abstract: Spatial mode-division multiplexing (MDM) that exploits the emerging fewmode fiber (FMF) technology is one potential candidate for next-generation petabyte optical communication links. In this paper, we focus on the design issues and specifications of the next-generation FMF that will better enable future MDM networks. These systems suffer from two main optical fiber impairments: intermodal coupling and dispersion. In this paper, we focus on the dispersion management issues through an FMF optical link. We first define two potential differential mode group delay (DMD) management strategies, namely, sawtooth and triangular. Moreover, we propose and investigate a novel parametric refractive index profile few-mode fiber, referred to as raised cosine (RC) function, which has been extensively used in digital communication pulse shaping. We investigate the achievable DMD for a wide range of the RC shape parameter and identify the design values of a two-mode FMF fiber. We then improve the RC profile by including additional shaping parameters. This enabled us to develop one four-mode fiber (4-FMF) and one six-mode fiber (6-FMF) having particularly attractive dispersion characteristics for three kinds of FMF applications: nz-, p-, and n-DMD.
Introduction
The existing single mode fiber (SMF) based optical communication network starts to approach its maximum capacity limit mainly because of the nonlinear effects in the fiber. To cope with this potential capacity crunch, industry and research community are exploring the exploitation of the space dimension in addition to wavelength, time, and code. Three techniques are under investigation in order to benefit from this additional space resource including multi-core fiber (MCF) based space-division multiplexing (SDM) [1] , [2] ; orbital angular momentum (OAM) division multiplexing [3] ; and few mode fiber (FMF) based mode division multiplexing (MDM) [4] .
In this paper, we focus on the development of special enhanced performance fibers for the latter technique. FMF based communication system consists of enabling M different modes of propagation to share and co-propagate in the same fiber core, each of which can independently carry N wavelength division multiplexing (WDM) sub-channels, presently carried by an SMF. Fig. 1 shows the key building blocks of this system. FMF is used to have a core diameter that is larger than that of the SMF but slightly thinner than that of standard multimode fiber (MMF). The mode multiplexing and de-multiplexing techniques are well addressed in [5] - [7] . The receiver concept for MDM transmission is based on coherent detection. After the output of the mode demultiplexer (DEMUX), possibly followed by pre-amplification and filtering, each SMF containing the signal of one spatial mode is lunched into a WDM DEMUX enabling each wavelength channel to be detected separately using a coherent mixer. Depending on the design approach and on the number of spatial modes M used in the transmission, the electrical outputs of the coherent mixers can be used for joint multi-input-multi-output (MIMO) digital signal processing (DSP).
In addition to the fiber channel impairments already existing in installed SMF (i.e., attenuation, chromatic dispersion (CD), polarization mode dispersion (PMD), and other nonlinear effects), few mode fiber systems face two main additional issues namely the (1) intermodal coupling and (2) dispersion. Both of these issues strongly affect the performance of the communication system. Note that the field shapes of the guided modes of an ideal fiber, satisfy an orthogonality condition and therefore theoretically, energy does not couple between the modes. However, in a real fiber, this orthogonality can be broken by imperfections in the fiber including: inhomogeneity of the refractive index, deformation of the fiber axis or core size, core non circularity, etc. Moreover, other imperfect optical devices may strongly increase interference between modes such as mode MUXs/DEMUXs, mode couplers, connectors, splices, and fusions, etc., [8] . In addition to breaking modes orthogonality, these imperfections result in the coupling or exchange of energy between the modes or spatial channels. Note that between degenerate modes, such as X and Y polarizations included in the same spatial mode, coupling is strong because both have almost identical phase constants. In this case, a few tens of meters of propagation leads to strong mode coupling. However, coupling between modes, belonging to separate groups, is much weaker, because their phase constants are quite different, but remains for crucial role. Marcuse [5] and Olshansky [9] investigated the mode coupling for imperfect optical waveguides. They determined that the strength of the coupling between two modes is a strong function of the difference in the longitudinal propagation constants of the modes, Á. In other words, energy will couple between two modes when the imperfections have a longitudinal spatial frequency component equal or close to Á. When the coupling between spatial modes increases, interference between channels similarly increases, and the need for MIMO equalization increases as well. In addition, as the number of modes increases, the order of the MIMO equalizer quadratically increases making the task of the equalization harder, and leading to a performance degradation of the whole communication system. Moreover, when the cumulative difference mode delay (DMD) (or inter-channel dispersion) increases the number of required taps in the receiving equalizers increases, further adding to the digital receiver complexity [10] . Therefore, It is desirable for FMF to have low mode coupling between the modes that will be used for MDM multiplexing, in order to minimize the crosstalk between the multiplexed data streams. Several refractive index profiles of FMFs have been recently proposed in order to minimize one or both of these effects [11] . There are two main approaches for the design and optimization of FMF for MDM systems. The first consists of minimizing mode coupling so that to avoid complex MIMO digital signal processing at the receiver. In this case, each mode can be detected separately requiring only a mode MUX/DEMUX based on one of the available de-multiplexing technologies: mode couplers technology [5] , liquid crystal on silicon (LCOS) [6] , or a planar light wave circuit (PLC) [7] . The second approach gives priority to minimizing the DMD assuming that mode coupling can be compensated on the receiver side with MIMO DSP [2] , [12] .
In this research, we focus our priority attention to DMD with the aim of deriving new refractive index profiles with attractive performance in terms of dispersion characteristics. Most of the literature starts from standard step index (SI) fiber and grows up to multiple step structures or from standard graded index (GI) profile, having an exponent profile. In contrast to these strategies, in this paper, we propose a so-called raised-cosine (RC) function for refractive index profiling. This function is very popular for pulse shaping in band limited digital communications, mainly because it enables to approach and partially overlap neighboring communications channels, without interference in the time domain when optimum Shannon sampling is achieved. To the best of our knowledge, this function had never been used for fiber core index profiling. Quite similar to the GI function, the RC function has a single shaping parameter that is used to be referred as roll-off factor RC .
In Section 2, we introduce the dispersion management in FMF system. Then we explain the various possible strategies of dispersion management. In Section 3, we investigate the effect of the RC shape parameter similarly to common practice for the exponent profile GI of GI fiber. In Fig. 2 , we have illustrated side by side the proposed RC function (a) for various values of the shape parameter 0 RC 1 and the standard GI function (b) for several values of the exponent profile parameter 1 GI 1. For instance, both profiles are quite similar in their general trends since they reach their maximum in the center of the core and progressively decreases to the level of the cladding. Key differences can be observed in two aspects. First, the RC refractive index changes much more smoothly at the boundary between the core and the cladding. Second, at a specific range of RC , the profile may have flattop in the center of the core. These differences provide an important motivation to explore how the proposed RC profile will perform compared to the GI. In addition, we show the numerical results including the normalized propagation constant, differential mode delay, and effective refractive index. We examine how all these important parameters vary when varying the roll-off factor RC for a wide range of values. Through our analysis we make some comparisons between the performance obtained from our proposed RC design and the well-known GI profile recently addressed in the literature.
In Sections 4 and 5, we improve our proposed raised cosine to approach a kind of W shape with RC core (W-RC). Our results show that improved W-RC profile can carry up to six modes, all having exactly similar DMD as low as 9 ps/km, for three fiber applications: nz-DMD, p-DMD, and n-DMD. We synthesize our key obtained results and make recommendations on the design of novel W-RC based fiber profiles, whether this would be used for the first, second or third kind, depending on the dispersion management strategy adopted in future FMF systems.
Dispersion Management in FMF System
In established SMF-based communications, the fiber is designed in a way to minimize the CD over the C and L ITU-T bands. However, a minimum positive residual CD cumulates over long distance until reaching a maximum level over which the communication will no longer be possible. At this distance, a so called dispersion compensating fiber (DCF) having a high negative dispersion is then used periodically after each fiber span in order to have a total cumulative dispersion close to zero. In this section, we show how this concept is borrowed and applied to DMD in FMF. In order to realize a low DMD transmission line in wide wavelength range (i.e., including C þ L band), there are a two possible strategies to deal with DMD budget in end-to-end FMF communication link. The first strategy splits the optical link into L equal length concatenated segments. The segments are all made of nz-DMD and terminated by a lumped c-DMD. In Fig. 3 (a), we observe that this dispersion management method can be referred as "sawtooth," quite similar to sawtooth signaling in electronics.
In the second strategy, as shown in Fig. 3 (b), the link is made of two equal length, opposite DMD, alternatively p-DMD or n-DMD segments of fiber. For instance, the DMD ðÁ vm Þ between an arbitrary ðv ; mÞ mode and the fundamental mode is defined as
where v vm g and v
11
g are the group velocities of LP vm and LP 01 modes, respectively. The total differential mode delay that is related to the vm mode of a fiber of length L is expressed as
In step index fiber, as the mode order increases, its respective delay significantly increases. This results in pronounced differential mode delay between the set of propagating modes [13] . This results in pronounced differential mode delay between the set of propagating modes. Large delays for high order modes result from the profile of the refractive index that is constant in the core and cladding of SI fiber, which is also the case when RC ¼ 0:1. By increasing the shaping parameter RC of RC fiber profile, a significant portion of the evanescent field of the high order modes initially propagating in the cladding becomes better confined to the core. According to this, it is important to note that the maximum DMD is not always incurred by the highest mode order between the set of propagating modes in FMF. Dispersion management can then be tackled from two different perspectives. The first perspective focus on the compensation of the slowest mode (or worst case DMD mode) only. This inherently compensates all other modes dispersion but not equally. In effect, if the design succeeds to compensate for a mode vm it may not succeed for another mode. We will see in the remaining of the paper that this approach is quite simple since it requires less optimization of the fiber design. The second approach aims to find an optimized fiber design that simultaneously compensates for all the spatial propagating modes. In effect, this tries to determine the refractive index profile that constrains all the spatial propagating modes to have equal and low cumulated DMD values. This methodology is clearly much more complex but provides better dispersion compensation performance. In this paper, we focus on the second approach and we see bellow that low cumulative DMD can be attained using one of two potential compensation strategies, namely, sawtooth and triangle.
Sawtooth Compensation
In Fig. 3(a) i, we show that we can use two kinds of optical fibers in order to manage the total cumulative dispersion to be close to zero at the reception end. It is clear that this method is directly inspired from CD compensation in standard SMF communications. The total DMD of the line is expressed as
where Á nz and Á c are the differential mode delay of the nz-DMD fiber of length L nz and the compensating fiber of length L c , respectively. It is important to note that in any FMF design we aim to minimize the DMDðÞ and its derivative (i.e., d ðDMDÞ=d ) (or slope) versus wavelength. Moreover, it is aimed to have the DMD insensitive to small changes in the fiber parameters in order to prevent from manufacturing imperfections of the fiber.
Triangular Compensation
In Fig. 3(a) ii and (b), we see a second strategy of dispersion management that also involves two kinds of optical FMF fibers. In this method, every fiber span is composed of two sections having approximately the same length. The first is designed to have minimum positive DMD and the second should have an opposite value of DMD. The cumulative total is again aimed to be close to zero at the receiver end. The Total DMD in this case is expressed as
where L p and L n are the length of the p-DMD and the n-DMD FMF sections respectively. Similarly the Á p and Á n are the dispersion coefficients of p-DMD-and n-DMD FMF sections respectively. When Á T ;vm ¼ 0, we find
By adjusting the length of each fiber according to (5), Á T ;vm can be controlled to be zero at a given wavelength, independently of the Á p and Á n . In principle, one attractive feature of this triangular strategy is its quite higher tolerance to fiber fabrication errors than the sawtooth strategy, because we can adjust the total DMD value by changing the p-DMD to n-DMD FMF length ratio. This is quite practical for field technicians during installation. In Fig. 3(b) , we illustrate how the delay difference between propagating modes (example of LP 01 and LP 11 shown) increases along the first section and then adjusted again to zero using the second section.
DMD Slope Analysis
For WDM-SDM combined system, one additional condition is required to compensate the DMD over a wide wavelength range. Since DMD changes linearly with wavelength as will be shown in our simulation results, one additional DMD compensation condition is expressed as
where S is used to be referred as DMD slope or derivative versus wavelength (i.e., SðÞ ¼ d ðDMDÞ=d ). S p and S n are DMD slope of p-DMD and n-DMD FMF, respectively. Hence, in case that DMD of FMF depends on the wavelength, which is used to be the frequent case, the DMD compensation condition over the entire WDM bands is given by both (5) and (6) . However, it is in general difficult to satisfy the DMD slope condition because of its high sensitivity to fiber physical parameters. It is clearly preferred to have constant DMD versus wavelength so as the DMD slope be S p ¼ S n ¼ 0. Furthermore, it is important that each fiber section used for the DMD compensation has to be designed with the same effective area for each mode because any mismatch of effective areas at the joints between sections could cause additional energy loss and mode conversion that further degrades the transmission quality [14] , [15] .
Proposed Raised Cosine FMF Design
Consider a circularly symmetric optical fiber with cladding of infinite radial extent and radially varying index of refraction inside the core. For most applications, the major portion of the light energy propagates in the core and a smaller part travels in the cladding. These proportions change from one mode of propagation to another. The cladding percentage generally increases with the increase of the mode order but not always the case. Before introducing our proposed refractive index profile, in the following we briefly remind the GI profile widely used in multimode fiber and recently investigated for FMFs. The GI profile is well described using the following expression:
where p is the curvature parameter (standard GRIN, p ¼ 2), is the profile exponent, Á ¼ ðn
is the refractive index difference, n 1 is the refractive index on the axis of the fiber, n 2 is the uniform value of refractive index in the cladding, r is the distance from the center of the core, and a is the core radius. The GI profiles at different values of is shown in Fig. 2(b) .
Refractive Index Profile of RC FMF
The RC function, that is widely used in pulse shaping in digital communications, is adapted to the context of our application and the refractive index profile of RC core fiber is shown in Figs. 2(a) and 4(a) .
The RC distribution nðr Þ is given by nðr Þ ¼
where the parameters a and Á have the same definition as in (7), and is the shaping variable.
We have used the cylindrical coordinate system ðr ; ; zÞ with fiber axis coincident with z. r n ¼ r =a is the normalized radial coordinate. Recall that FMF has a core diameter between those of SMF and MMF. In general, multimode fibers obey the condition V ) 1, where 
Normalized Frequency Analysis
In Fig. 4(b) , we show the obtained normalized propagation constant b of the various propagation modes versus the core radius a at ¼ 1550 nm, Á 1 ¼ 1:0% and ¼ 1:0 of an RC profile optical fiber. In this research, we make our simulation of the proposed profile for a wide range of wavelength values starting from 1500 to 1625 nm because this interval includes the most exploited telecommunication bands, i.e., the standard C and L ITU-T bands. The specific wavelength of 1550 nm is the center of the standard C band and is the one that observes the lowest attenuation in optical fiber. For the shaping parameter, , we have first considered all theoretically possible values, 0 G G 1, then we select ¼ 1:0 (near GI profile) in order to compare our proposed profile with the well-known GI profile. Finally, regarding the values of relative refractive index Á 1 , we considered a wide range of values 0.1:1.5% initially inspired by literature and then confirmed by our numerical results [16] .
As shown in Fig. 4(b) , The vertical dash-dot lines at radii a ¼ 5:43; 8:65; 11:86; and 15m correspond to the cut-off values of the propagating mode 1, 2, 4, and 6, respectively. As an example of a ¼ 5:43 and 11:86 m, the FMF will be 2-Mode and 6-Mode fiber, respectively. As shown in Fig. 4(b) , we can see that modes with the same or very similar propagation constants can be grouped together in sets (or mode groups). By definition, modes belong to the same principal mode group, G i , if the indices of the LP vm modes fulfill the condition [17] 
For example, the LP 21 and LP 02 modes belong to G 3 , and the LP 31 and LP 12 modes belong to G 4 . The modes within a certain mode group have very similar propagation constants. The spatial modes belonging to the same group will, hence, observe high power coupling between them, very similar to what happens between degenerate X and Y polarizations modes inside every single spatial mode. However, modes belonging to separate groups will observe weaker coupling between them. 
The DMD Analysis
In Fig. 5 , we show the DMD as a function of the core radius a for three different values of the RC shape parameter ¼ 0:1; 0:5 and 1, respectively. Note that the value ¼ 0:1 makes the RC shape approaching the standard step index fiber and ¼ 1 makes this close to the known graded index fiber. In Fig. 5(a) , we see that the DMD is lower than 160 ps/km for all values of the radius a and no more than two DMD curves cross simultaneously. The latter means that at ¼ 0:1, it is not possible to realize the propagation of many spatial modes at low DMD solely by adjusting the core radius. In Fig. 5(b) , we show that by increasing to 0.5 we can decrease DMD values and improve the FMF performance. In Fig. 5(c) , we show that by changing shaping parameter, , from 0.5 to 1 we can achieve a DMD less than 50 ps/km at a ¼ 15 m for sixmode operation. The author of [18] , recently reported that a GI fiber with two-mode operation at DMD less than 36 ps/km over the C, band can be realized by tuning the structural parameters a, Á, and . However, it becomes difficult to realize more than two-mode operation and a low DMD simultaneously with a GI core alone [19] , [20] .
Proposed Raised Cosine FMF With W-Shape Design

Refractive Index Profile of RC With W-Shape FMFs
In this research, in order to obtain more degrees of freedom in our optimization we improve our RC core by adding additional parameters inspired from multi-claddy fibers traditionally used for CD compensation in SMF transmission and graded index fibers [14] , [16] . Our main aim of adding this complexity (hence degrees of freedom or control parameters) to the RC profile is to get more tools for designing four and six modes, with better performance in terms of DMD and eventually mode coupling improvement. In addition, it helped us to design a suitable DMD dispersion management fiber profiles. In Fig. 6(a) , we show the refractive index profile of the W-shaped RC fiber, we refer as W-RC.
This profile nðr Þ is given by:
where a 1 ¼ aðð1 þ Þ=2Þ is the truncated core radius, and n 2 and n 3 are the low refractive index layer and the cladding index, respectively. The first relative index difference between the core and the low refractive index layer is defined as Á 1 ¼ ðn profile has five parameters, namely, a 1 , a 2 , Á 1 , Á 2 , and . We aim to use this profile to realize a few-mode fiber with four-and six-mode operation and a low DMD.
Normalized Frequency Analysis
In Fig. 6(b) , we show the normalized propagation constant b at 1550 nm as a function of the relative index difference Á 2 . In this analysis we fixed the parameter p ¼ w =a at 0.5. From Fig. 6(b) , we can see that the number of spatial propagating modes is equal to four (i.e., three groups of modes, G i ; i ¼ 1; . . . ; 3) when 0:20 G Á 2 G 0:4 and six when 0 G Á 2 G 0:20 (i.e., four groups of modes: G ¼ 1; . . . ; 4).
DMD Analysis
In Fig. 7 , we investigate the effect of the relative index difference between the cladding and the low refractive index layer Á 2 , on DMD for different values. Only three values are reported here: ¼ 0:1; 0:5; and 1. As shown in Fig. 7 (a) for ¼ 0:1, the DMD curves are positive over the entire range of Á 2 , and increases as Á 2 increases. As we increase from 0.1 ( Fig. 7(a) ) up to 0.5 ( Fig. 7(b) ), all the DMD curves decrease close to zero and approach each other. Moreover, the slopes of all the DMD curves decrease. For ¼ 1, we see in Fig. 7(c) that the DMD curves all switch to negative region. Moreover, these curves are now slightly decreasing versus Á 2 . Very important to note that for our proposed W-RC profile, the DMD value can be widely tuned from positive to negative when we increase the profile parameter . This aspect has also been recently observed for graded index fiber when decreasing fiber profile exponent in [16] . Fig. 8(a) shows the DMD versus the ratio p ¼ w =a that illustrates the impact of varying the width of low refractive index layer w in contrast to the radius a. The figure shows that the ratio p has no effect on the DMD.
Simulation Results for Dispersion Management
Sawtooth Compensation
Recall that DMD compensation in FMF transmission system is very important issue for successful implementation of MDM in next generation networks [21] . In this section, we propose a low DMD and a low DMD slope nz-DMD fiber and derive its physical design parameters. The nz-DMD fiber enables the data channels to run for maximum distance before requiring dispersion compensation fiber c-DMD periodically along long haul optical link. Fig. 8(b) shows the DMD versus at ¼ 1550 nm, a ¼ 16 m, Á 1 ¼ 1%, Á 2 ¼ 0:15%, and p ¼ 0:5. We find that when we choose ¼ 0:83 we can obtain nz-DMD with very small DMD at 9 ps/km which is suitable for this compensation strategy for six spatial mode operation. This point is clearly shown in Fig. 8(b) by the crossing point O as optimum choice in which all the DMD curves meet.
In order to investigate the coupling issue between the modes in Fig. 9(a) we illustrate the relative effective refractive index Án eff as a function of the shape parameter . We observe that the Án eff of the LP 11 mode and the difference ðD ¼ Án eff;G 2 À Án eff;G 3 Þ of relative effective indexes for the modes LP 11 and LP 21 (or LP 02 ) is large. However, the Án eff values of the degenerate LP 21 and LP 02 modes belonging to the same group G 3 are almost equal, certainly leading to high coupling between them. Hence, Fig. 9(a) shows that whatever the value of the selected , the coupling properties described above between spatial modes or groups of modes does not change. Hence, this applies to the nz-DMD fiber we have selected above (see Fig. 8(b) ) that carries six LP mode fiber in the four groups, i.e., G i ; i ¼ 1 : 4, and having a profile shaping parameter ¼ 0:83.
Triangular DMD Compensation
In this strategy, the DMD compensation transmission line consists of two kinds of fibers subsequently concatenated together and having opposite DMDs. This approach has the advantage that the DMD is controlled by adjusting the fiber length. In contrast to the recently proposed DMD compensation fiber for two-mode operation in [21] , we develop our design here for four and six-mode operation.
Note that the DMD can be widely tuned from positive to negative by controlling the profile exponent, . In four mode compensation, we can combine a positive DMD and negative DMD fibers of ¼ 0:53 and ¼ 1, respectively, as shown in Fig. 9(b) to have +50 ps/km and −50 ps/km, respectively. Note that the degenerate modes LP 02 and LP 21 modes composing the group G 3 , have very similar DMD and Án eff values that will potentially lead to high channel crosstalk and, hence, require appropriate MIMO processing.
In effect, in order to fully compensate for the DMD, we need to suppress the crosstalk between all the modes. Therefore, we have to take into account the coupling between active modes. Recall that in principally, mode crosstalk can be suppressed when the propagation modes have large effective index differences.
As shown in Fig. 9(a) , there is no rapid change when we adjust DMD from positive to negative. In other words, we can design the DMD flexibly without sacrificing the effective index difference value. This feature is suitable for our system because our DMD compensation scheme requires no modal crosstalk across the fiber, which requires higher effective refractive index difference.
Similarly, in six mode compensation line, we combine a positive DMD and negative DMD fibers of ¼ 0:6 and ¼ 1, respectively, as shown in Fig. 10(a) , to have +50 ps/km and −50 ps/km, respectively.
For WDM-SDM combined system, additional condition is also required to compensate DMD in wide wavelength range. We see in Fig. 10(b) that the DMD of our proposed W-RC fiber changes linearly with wavelength as stated by (5) and (6) . Moreover, the slope of the obtained DMD curves is also quite very small (i.e., worst case slope corresponds to G 4 : 0.25 ps/nm.km) making the proposed W-RC a good candidate for six mode transmission in all three applications nz, n, and p-DMD.
Conclusion
In this paper, we focus on next generation FMF based MDM system that suffers from two main optical fiber impairments, i.e., inter-modal coupling and dispersion, between propagating modes 
